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On a Fre´chet space of entire functions rapidly decreasing on the
real line 1
M. I. MUSIN
Abstract. A weighted space of entire functions rapidly decreas-
ing on the real line is considered in the paper. A growth of these
functions along the imaginary axis is controlled by some system of
weight functions. The Fourier transform of functions of this space is
studied. Equivalent description of the considered space in terms of
estimates on derivatives of functions on real line is obtained.
1 Introduction
For u ∈ Rn (Cn) let ‖u‖ be the Euclidean norm of u in Rn (Cn).
Let Φ be a family of continuous functions on Rn such that:
Φ1. for all ϕ1, ϕ2 ∈ Φ there exists ϕ3 ∈ Φ such that
min(ϕ1(x), ϕ2(x))− ϕ3(x)→ +∞, x→∞;
Φ2. for each ϕ ∈ Φ
lim
x→∞
ϕ(x)
‖x‖
= +∞.
For arbitrary ϕ ∈ Φ and k ∈ Z+ let
Sk(ϕ) = {f ∈ H(C
n) : qϕ,k(f) = sup
z∈Cn
|f(z)|(1 + ‖z‖)k
eϕ(Imz)
<∞}.
Here H(Cn) is a space of entire functions on Cn. Let S(Φ) =
⋂
ϕ∈Φ,k∈Z+
Sk(ϕ).
With usual operations of addition and multiplication by complex numbers
S(Φ) is a linear space. Endow S(Φ) with a topology defined by the system
of norms qϕ,k (ϕ ∈ Φ, k ∈ Z+).
If Φ consists of functions ϕ(ε‖x‖) (ε > 0), where ϕ is a nonnegative
continuous nondecreasing function on [0,∞) such that:
1). lim
t→+∞
ϕ(t)
t
= +∞;
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2). the function ψ(t) = ϕ(et) is convex on [0,∞);
3). there exist numbers h > 1 K > 0 such that
2ϕ(t) ≤ ϕ(ht) +K, t ∈ [0,∞),
then the space S(Φ) was considered for n = 1 in [1] and for n ≥ 1 in
[2]. In [1] and [2] the space S(Φ) was described in terms of estimates on
derivatives (partial derivatives) of functions on real line (on Rn) and Fourier
transformation of functions of S(Φ) was studied.
In this paper we continue to study Fre´chet spaces of entire functions
rapidly decreasing on the real line and such that their growth along the
imaginary axis is majorized with a help of some family of weight functions
which are not necessary convex on the real line and satisfy more restrictive
conditions than in [1] and [2]. Namely, let ϕ be a nonnegative nondecreasing
continuous function on [0,∞) such that:
1). lim
x→+∞
ϕ(x)
x
= +∞;
2). ∀h > 1 ∃Kh > 0 2ϕ(x) ≤ ϕ(hx) +Kh, x ∈ [0,∞);
3). ϕ(ex) is convex on [0,∞).
For example, the function ex
α
with α > 0 satisfies these conditions.
Let σ > 0. For arbitrary ε > 0 and k ∈ Z+ let
Sε,k(ϕ) = {f ∈ H(C) : pε,k(f) = sup
z∈C
|f(z)|(1 + |z|)k
eϕ((σ+ε)|Im z|)
<∞}.
Let Sσ(ϕ) =
⋂
ε>0,k∈Z+
Sε,k(ϕ). With usual operations of addition and multi-
plication by complex numbers Sσ(ϕ) is a linear space. The family of norms
pε,k (ε > 0, k ∈ Z+) defines a locally convex topology in Sσ(ϕ). Endowed
with this topology Sσ(ϕ) is a Fre´chet space.
The aim of the article is to describe the space Sσ(ϕ) in terms of estimates
on derivatives of functions on real line and to study Fourier transformation
of functions of Sσ(ϕ).
1.2. Main results. For an arbitrary function g on [0,∞) let g[e] be a
function on [0,∞) defined by the rule g[e](x) = g(ex), x ≥ 0.
For a continuous function g : [0,∞) → R such that lim
x→+∞
g(x)
x
= +∞,
let g∗(x) = sup
y>0
(xy− g(y)), x ≥ 0. The function g∗ is called Young conjugate
of g [3]. Note that lim
x→+∞
g∗(x)
x
= +∞. It is well known that if g is convex
then (g∗)∗ = g [3].
Let ψ be a function defined as follows: ψ(x) = ϕ(ex), x ∈ R.
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The following two theorems (proved in section 3) give another description
of the space Sσ(ϕ).
Theorem 1. Let f ∈ Sσ(ϕ). Then ∀ε > 0 ∀m ∈ Z+ ∃cε,m > 0
∀n ∈ Z+ ∀x ∈ R
|xmf (n)(x)| ≤ cε,mn!(σ + ε)
ne−ψ
∗(n) .
Theorem 2. Let f ∈ C∞(R) and for all ε > 0 and m ∈ Z+ there exists a
number dε,m > 0 such that for each n ∈ Z+
(1 + |x|)m|f (n)(x)| ≤ dε,m(σ + ε)
nn!e−ψ
∗(n), x ∈ R.
Then f admits (the unique) extension to entire function belonging to Sσ(ϕ).
For ε > 0, m ∈ Z+ let
Gε,m(ψ
∗) = {f ∈ Cm(R) : ‖f‖ε,m = max
0≤n≤m
sup
x∈R,k∈Z+
|xkf (n)(x)|
k!(σ + ε)ke−ψ∗(k)
<∞}.
Let Gσ(ψ
∗) =
⋂
ε>0,m∈Z+
Gε,m(ψ
∗).With usual operations of addition and mul-
tiplication by complex numbers Gσ(ψ
∗) is a linear space. Endow Gσ(ψ
∗) with
a topogy defined by the family of norms ‖f‖ε,m (ε > 0, m ∈ Z+).
Fourier transform f˜ of f ∈ Sσ(ϕ) is defined by the formula
f˜(x) =
∫
R
f(ξ)e−ixξ dξ, x ∈ R.
In section 4 the following theorem is proved.
Theorem 3. Fourier transform establishes an isomorphism of spaces Sσ(ϕ)
and Gσ(ψ
∗).
If ϕ is convex on [0,∞) then the space Gσ(ψ
∗) admits more simple de-
scription (see section 5). Namely, the following theorem holds.
Theorem 4. Let ϕ be convex on [0,∞). Then the space Gσ(ψ
∗) consists of
functions f ∈ C∞(R) such that for each ε > 0 and n ∈ Z+ there exists a
number Cε,n > 0 such that
|f (n)(x)| ≤ Cε,ne
−ϕ∗( |x|
σ+ε
), x ∈ R.
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2 Auxiliary results
Note that the condition 2) on ϕ is equivalent to the following condition on
ψ: ∀h > 1 ∃Kh > 0
2ψ(x) ≤ ψ(x+ ln h) +Kh, x ∈ R.
Lemma 1. For each M > 0 there exists a number AM > 0 such that
ψ∗(x) ≤ x ln
x
M
− x+ AM , x > 0.
Proof. By definition of ψ and the condition 1) on ϕ it follows that
for each M > 0 there exists a number AM > 0 such that for all y ≥ 0
ψ(y) ≥Mey −AM . Hence,
ψ∗(x) = sup
y>0
(xy − ψ(y)) ≤ sup
y>0
(xy −Mey) + AM ≤
≤ sup
y∈R
(xy −Mey) + AM = x ln
x
M
− x+ AM .
From Lemma 1 we get the following
Corollary 1. For each b > 0 the series
∞∑
j=0
eψ
∗(j)
bjj!
converges.
Lemma 2. Let g be a convex continuous function on [0,∞) such that
lim
x→+∞
g(x)
x
= +∞. Then for each ε > 0 there exists a number Bε > 0 such
that
2g(x) ≤ g(x+ ε) +Bε, x ≥ 0, (1)
iff for each ε > 0 there exists a number Cε > 0 such that
g∗(x+ y) ≤ g∗(x) + g∗(y) + ε(x+ y) + Cε, x, y ≥ 0. (2)
Proof. Necessity. Note first that
g∗(x) ≥ − inf
ξ≥0
g(ξ), x ≥ 0. (3)
Let ε > 0 be arbitrary. Obviously, for all x, y, t ∈ [0,∞) we have
g∗(x) + g∗(y) ≥ (x+ y)t− 2g(t).
In view of (1) for all x, y, t ≥ 0
g∗(x) + g∗(y) ≥ (x+ y)(t+ ε)− g(t+ ε)− Bε − ε(x+ y).
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Therefore, for all x, y ∈ [0,∞)
g∗(x) + g∗(y) ≥ sup
ξ≥ε
((x+ y)ξ − g(ξ))− Bε − ε(x+ y). (4)
Further, for all x, y ∈ [0,∞)
sup
0≤t<ε
((x+ y)ξ − g(ξ)) ≤ (x+ y)ε− inf
0≤ξ<ε
g(ξ) ≤ (x+ y)ε− inf
ξ≥0
g(ξ).
Taking into account (3) we have
sup
0≤t<ε
((x+ y)ξ − g(ξ)) ≤ (x+ y)ε+ g∗(x) ≤
≤ (x+ y)ε+ g∗(x) + g∗(y) + inf
ξ≥0
g(ξ).
From this and inequality (4) we obtain
g∗(x+ y) ≤ g∗(x) + g∗(y) + ε(x+ y) + Cε, x, y ≥ 0.
where Cε = max(Bε, inf
ξ≥0
g(ξ)).
Sufficiency. Recall that by the inversion formula for Young transform
[3] g = (g∗)∗. Using this and (2) we have for each ε > 0
2g(x) = sup
u≥0
(2xu− 2g∗(u)) ≤ sup
u≥0
(2xu− g∗(2u) + 2εu+ Cε) =
= sup
u≥0
((x+ ε)t− g∗(t)) + Cε = g(x+ ε) + Cε.
Put Bε = Cε. Thus, we got the inequality (1). The proof is complete.
The space Gσ(ψ
∗) admits another description. For ε > 0, m ∈ Z+ let
Qε,m(ψ
∗) = {f ∈ Cm(R) : sε,m(f) = max
0≤n≤m
sup
x∈R,k∈Z+
(1 + |x|)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
<∞}.
Let Qσ(ψ
∗) be a projective limit of the spaces Qε,m(ψ
∗).
The following lemma holds.
Lemma 3. Qσ(ψ
∗) = Gσ(ψ
∗).
Proof. Let f ∈ Qσ(ψ
∗). Then for all ε > 0, m ∈ Z+ we have
‖f‖ε,m ≤ sε,m(f). (5)
This means that f ∈ Gσ(ψ
∗). Moreover, the embedding mapping I :
Qσ(ψ
∗)→ Gσ(ψ
∗) is continuous.
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Now let f ∈ Gσ(ψ
∗), ε > 0 and m ∈ Z+ are arbitrary. Then ‖f‖ ε
2
,m <∞.
Hence, for n ∈ Z+ such that 0 ≤ n ≤ m we have
|f (n)(x)| ≤ ‖f‖ ε
2
,me
−ψ∗(0), x ∈ R. (6)
Choose δ = δ(ε) > 0 such small that (1 + δ)(σ + ε
2
) ≤ σ + ε. Note that for
n ∈ Z+ such that 0 ≤ n ≤ m
sup
|x|≤ 1
δ
,k∈Z+
(1 + |x|)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
≤ sup
|x|≤ 1
δ
,k∈Z+
(1 + 1
δ
)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
.
Since for each b > 0 lim
k→∞
eψ
∗(k)
k!bk
= 0, then there is a number C(ε) > 1 such
that for n ∈ Z+ such that 0 ≤ n ≤ m we have
sup
|x|≤ 1
δ
,k∈Z+
(1 + |x|)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
≤ C(ε) sup
|x|≤ 1
δ
|f (n)(x)|.
Taking into account (6) we have
max
0≤n≤m
sup
|x|≤ 1
δ
,k∈Z+
(1 + |x|)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
≤ C(ε)‖f‖ ε
2
,me
−ψ∗(0). (7)
Since for |x| > 1
δ
1 + |x| < (1 + δ)|x| then for n ∈ Z+ such that 0 ≤ n ≤ m
we have
sup
|x|> 1
δ
,k∈Z+
(1 + |x|)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
≤ sup
|x|> 1
δ
,k∈Z+
((1 + δ)|x|)k|f (n)(x)|
k!(σ + ε)ke−ψ∗(k)
≤ ‖f‖ ε
2
,m.
(8)
From the estimates (7) and (8) it follows that for each ε > 0 we have
sε,m(f) ≤ C1(ε)‖f‖ ε
2
,m, f ∈ Gσ(ψ
∗), (9)
where C1(ε) = max(1, C(ε)e
−ψ∗(0)).
From the estimates (5) and (9) it follows that Qσ(ψ
∗) = Gσ(ψ
∗) topolog-
ically.
3 Equivalent description of the space Sσ(ϕ)
Proof of Theorem 1. Let f ∈ Sσ(ϕ). Using Cauchy integral formula we
have for all m,n ∈ Z+ and R > 0
(1 + |x|)mf (n)(x) =
n!
2pii
∫
LR(x)
(1 + |x|)mf(ζ)
(ζ − x)n+1
dζ, x ∈ R,
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where LR(x) = {ζ ∈ C : |ζ − x| = R}. From this for each ε > 0 we have
(1 + |x|)m|f (n)(x)| ≤ n! max
ζ∈LR
(1 + |ζ − x|)m(1 + |ζ |)m|f(ζ)|
Rn
≤
≤ n!p ε
2
,m(f)
(1 +R)meϕ((σ+
ε
2
)R)
Rn
.
Using the condition 2) on ϕ and the fact that ϕ is nondecreasing on [0,∞)
we have for some dε,m > 0 for each R > 0
(1 + |x|)m|f (n)(x)| ≤ dε,mn!p ε
2
,m(f)
eϕ((σ+ε)R)
Rn
.
From this for all x ∈ R we have
(1 + |x|)m|f (n)(x)| ≤ dε,mn!p ε
2
,m(f)(σ + ε)
n exp(− sup
R≥1
(n lnR− ϕ(R))) =
= dε,mn!p ε
2
,m(f)(σ + ε)
n exp(− sup
r≥0
(nr − ψ(r))) =
= dε,mn!p ε
2
,m(f)(σ + ε)
ne−ψ
∗(n).
Theorem 1 is proved.
Proof of Theorem 2. Let f ∈ C∞(R) and numbers ε > 0, m ∈ Z+
are arbitrary. By the assumption there exist numbers d > 0 (depending on
ε > 0) and m ∈ Z+ such that for each n ∈ Z+
(1 + |x|)m|f (n)(x)| ≤ d(σ +
ε
2
)nn!e−ψ
∗(n), x ∈ R. (10)
In particular, |f (n)(x)| ≤ d(σ+ ε
2
)nn!e−ψ
∗(n), x ∈ R. Taking into account that
lim
x→+∞
ψ∗(x)
x
= +∞, it is easy to see that the sequence
(∑k
n=0
f(n)(0)
n!
xn
)∞
k=0
converges to f informly on compacts of the real line and the series
∞∑
n=0
f (n)(0)
n!
zn converges informly on compacts of C and, hence, its sum Ff (z)
is an entire function in C. Note that Ff (x) = f(x), x ∈ R. The uniqueness
of holomorphic continuation is obvious.
Using the equality Ff (z) =
∞∑
n=0
f (n)(x)
n!
(iy)n, z = x + iy (x, y ∈ R), and
the inequality (10) we can estimate a growth of Ff . Choose δ = δ(ε) > 0 so
small that (1 + δ)(σ + ε
2
) ≤ σ + ε. For all m ∈ Z+ and ε > 0 we have
(1 + |z|)m|Ff(z)| ≤
∞∑
n=0
(1 + |x|)m(1 + |y|)m+n|f (n)(x)|
n!
≤
7
≤
∞∑
n=0
d(σ + ε
2
)n
eψ
∗(n)
(1 + |y|)n+m ≤
≤ d(1 + |y|)m
∞∑
n=0
(
1
1 + δ
)n
e
sup
n≥0
(n ln((1+δ)(σ+ ε
2
)(1+|y|))−ψ∗(n))
≤
≤
d(1 + δ)
δ
(1 + |y|)me
sup
ξ≥0
(ξ ln((σ+ε)(1+|y|))−ψ∗(ξ))
=
=
d(1 + δ)
δ
(1 + |y|)meψ(ln((σ+ε)(1+|y|))).
Thus,
(1 + |z|)m|Ff(z)| ≤ γεd(1 + |y|)
meϕ((σ+ε)(1+|y|)), z ∈ C, (11)
where γε > 0 is some constant (depending on ε). Using the condition 2) on
nondecreasing function ϕ it is possible to find a number Cε,m,ϕ,σ > 0 such
that
(1 + |z|)m|F (z)| ≤ Cε,m,ϕ,σde
ϕ((σ+2ε)|y|), z ∈ C.
Therefore, Ff ∈ Sσ(ϕ).
Theorem 2 is proved.
4 On Fourier transformation of functions of
the space Sσ(ϕ)
Proof of Theorem 3. Let f ∈ Sσ(ϕ). Then for all ε > 0 and for all x ∈ R
we have
|f˜ (n)(x)| ≤
∫
R
|f(ξ)||ξ|n dξ ≤
∫
R
|f(ξ)|(1 + |ξ|)n+2
1 + ξ2
dξ ≤ pipε,n+2(f) . (12)
Since for all m ∈ N, n ∈ Z+, x, η ∈ R
xmf˜ (n)(x) = xm
∫
R
f(ζ)(−iζ)ne−ixζ dξ, ζ = ξ + iη,
then
|xmf˜ (n)(x)| ≤
∫
R
|f(ζ)||ζ |nexη|x|m dξ ≤
∫
R
|f(ζ)|(1 + |ζ |)n+2exη|x|m
dξ
1 + ξ2
.
Consider the case x 6= 0. Put η = − x
|x|
t, t > 0. For all t > 0, ε > 0
|xmf˜ (n)(x)| ≤ pipε,n+2(f)e
−t|x|eϕ((σ+ε)t)|x|m ≤
8
≤ pipε,n+2(f)e
sup
r>0
(−tr+m ln r)
eϕ((σ+ε)t) ≤ pipε,n+2(f)e
m lnm−m−m ln teϕ((σ+ε)t).
From this taking into account that
inf
t>0
(−m ln t+ ϕ((σ + ε)t)) = m ln(σ + ε)− sup
u>0
(m lnu− ϕ(u)) ≤
≤ m ln(σ + ε)− sup
u≥1
(m ln u− ϕ(u)) = m ln(σ + ε)− ψ∗(m),
we have
|xmf˜ (n)(x)| ≤ pipε,n+2(f)(σ + ε)
mem lnm−me−ψ
∗(m). (13)
If x = 0, then form ∈ N and n ∈ Z+ x
mf˜ (n)(x) = 0. From this, estimates (12)
and (13) and since mm ≤ emm! for all m ∈ N, we have for all ε > 0, k ∈ Z+
‖f˜‖ε,k ≤ pipε,k+2(f), f ∈ Sσ(ϕ).
This means that a linear transformation F : Sσ(ϕ) → Gσ(ψ
∗) acting by the
rule f ∈ Sσ(ϕ)→ f˜ is continuous.
Let us show that F is surjective. Let g ∈ Gσ(ψ
∗). Then (using Lemma
3) for all ε > 0, k,m ∈ Z+ and n ∈ Z+ such that n ≤ m we have
(1 + |x|)k|g(n)(x)| ≤ sε,m(g)(σ + ε)
kk!e−ψ
∗(k), x ∈ R.
Let
f(ξ) =
1
2pi
∫
R
g(x)eixξ dx, ξ ∈ R.
For each n ∈ Z+
f (n)(ξ) =
1
2pi
∫
R
g(x)(ix)neixξ dx, ξ ∈ R.
From this (integrating by parts) for each m ∈ Z+
(iξ)mf (n)(ξ) =
1
2pi
(−1)m
∫
R
(g(x)(ix)n)(m)eixξ dx, ξ ∈ R.
Let r = min(m,n). Then
(iξ)mf (n)(ξ) =
1
2pi
(−1)m
∫
R
r∑
j=0
Cjmg
(m−j)(x)((ix)n)(j)eixξ dx, ξ ∈ R.
From this we have
|ξmf (n)(ξ)| ≤
1
2pi
r∑
j=0
Cjm
∫
R
|g(m−j)(x)|
n!
(n− j)!
|x|n−j dx ≤
9
≤
1
2pi
r∑
j=0
Cjm
n!
(n− j)!
∫
R
|g(m−j)(x)|(1 + |x|)n−j+2
dx
1 + x2
≤
≤
1
2
r∑
j=0
Cjm
n!
(n− j)!
sε,m(g)(n− j + 2)!(σ + ε)
n−j+2e−ψ
∗(n−j+2) ≤
≤
1
2
n!(σ + ε)n+2sε,m(g)
r∑
j=0
Cjm(n− j + 1)(n− j + 2)(σ + ε)
−je−ψ
∗(n−j).
Using conditions on ψ and Lemma for each δ > 0 it is possible to find a
number Kδ > 0 such that
ψ∗(x+ y) ≤ ψ∗(x) + ψ∗(y) + δ(x+ y) +Kδ, x, y ≥ 0. (14)
So for all ξ ∈ R and all ε > 0 and δ > 0
|ξmf (n)(ξ)| ≤
1
2
(n+ 2)!(σ + ε)2((σ + ε)eδ)nsε,m(g)e
−ψ∗(n)
r∑
j=0
eψ
∗(j)+Kδ
(σ + ε)jj!
.
Choose δ = δ(ε) so small that (σ + ε)eδ < σ + 2ε and put
cε,m = (σ + ε)
2eKδ
∞∑
j=0
eψ
∗(j)
(σ + ε)jj!
.
Then for all n ∈ Z+ and ε > 0
|ξmf (n)(ξ)| ≤ cε,m(n+ 1)(n+ 2)((σ + 2ε))
nn!sε,m(g)e
−ψ∗(n), ξ ∈ R.
Find a number Dε > 0 such that for all n ∈ Z+
(n+ 1)(n+ 2)(σ + 2ε)n ≤ Dε(σ + 3ε)
n.
Then for all n ∈ Z+ and ξ ∈ R
(1 + |ξ|)m|f (n)(ξ)| ≤ 2mDε(cε,0 + cε,m)sε,m(g)(σ + 3ε)
nn!e−ψ
∗(n).
By Theorem 2 f can be holomorphically continued (uniquely) to entire
function belonging to Sσ(ϕ). Denote this continuation by F . Obviously,
g = F(F ). In view of the inequalities (10) and (11) we have for some γε > 0
(1 + |z|)m|F (z)| ≤ γε2
m(cε,0 + cε,m)sε,m(g)(1 + |y|)
meϕ((σ+6ε)|y|)), z ∈ C.
Taking into account conditions 1) and 2) on ϕ one can find a number
Kε,m,ϕ > 0 such that p7ε,m(f) ≤ Kε,m,ϕsε,m(g). From this and Lemma 3
we get that the inverse mapping F−1 is continuous.
Thus, we have proved that Fourier transformation establishes a topolog-
ical isomorphism between spaces Sσ(ϕ) and Gσ(ψ
∗).
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5 Special case of a function ϕ
In the proof of Theorem 4 we will use the following result.
Lemma 4. Let g be a real-valued continuous function on [0,∞) such that
lim
x→+∞
g(x)
x
= +∞. Then for each δ > 0
lim
x→+∞
g∗((1 + δ)x)− g∗(x)
x
= +∞.
Proof. Let δ > 0 be arbitrary. For each x > 0 denote by ξ(x) a point
where the supremum of the function ux(ξ) = xξ−g(ξ) over [0,∞) is attained.
Note that ξ(x) → +∞ as x → +∞. Otherwise there are a number M > 0
and a sequence (xj)
∞
j=1 of positive numbers xj converging to +∞ such that
ξ(xj) ≤ M . Then g
∗(xj) = xjξ(xj) − g(ξ(xj)). But it contradicts to the
fact that lim
x→+∞
g∗(x)
x
= +∞. Thus, lim
x→+∞
ξ(x) = +∞. From this and the
inequality
g∗((1+δ)x)−g∗(x) ≥ (1+δ)xξ(x)−g(ξ(x))−xξ(x)+g(ξ(x)) = δxξ(x), x > 0,
the assertion of lemma follows.
Proof of Theorem 4. Let ϕ satisfies the conditions 1) – 3) and be
convex on [0,∞). Let us show that in this case the space Gσ(ψ
∗) consists of
functions f ∈ C∞(R) such that for all ε > 0, n ∈ Z+ there exists a number
Cε,n > 0 such that
|f (n)(x)| ≤ Cε,ne
−ϕ∗(
|x|
σ+ε
), x ∈ R. (15)
Let us construct a continuous increasing convex function ϕ1 on [0,∞)
such that:
1. ϕ1(x) > 0 for x > 0;
2. lim
x→0+
ϕ1(x)
x
= 0;
3. ϕ1 coinsides with ϕ out of the segment [0, d] where d > 0 is some
number.
Define a function ψ1 on [0,∞) by the equality ψ1 = ϕ1[e].
Obviously, there are positive numbers s = s(ϕ, d) s1 = s1(ϕ, d) such that
for all x ≥ 0
|ϕ∗(x)− ϕ∗1(x)| ≤ s, (16)
|ψ∗(x)− ψ∗1(x)| ≤ s1. (17)
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Let f ∈ Gσ(ψ
∗) and ε ∈ (0, 1) are arbitrary. By Lemma 3 for all n, k ∈ Z+
|f (n)(x)| ≤ sε,n(f)
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
, x ≥ 0. (18)
Since for each k ∈ N k! < 3k
k+1
ek
, then
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
<
3(σ + ε)kkk+1e−ψ
∗(k)
ek(1 + |x|)k
, k ∈ N. (19)
If σ + ε ≥ 1, then from (19) we have for k ∈ N, t ∈ [k, k + 1), x ∈ R and for
all δ > 0
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤
3(σ + ε)ttt+1e−ψ
∗(t)+ψ∗(1)+δ(t+1)+Kδ+1
et(1 + |x|)t
(1 + |x|) =
= 3eKδ+1+δ+ψ
∗(1)et ln(σ+ε)+(t+1) ln t−ψ
∗(t)+δt−t−t ln(1+|x|)(1 + |x|).
If σ+ε < 1, then from (19) (taking into account the inequality (14) and that
ψ∗ is nondecreasing) we have for k ∈ N, t ∈ [k, k+1), x ∈ R and for all δ > 0
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤
3(σ + ε)ttt+1e−ψ
∗(t)+ψ∗(1)+δ(t+1)+Kδ+1
(σ + ε)et(1 + |x|)t
(1 + |x|) =
=
3eKδ+1+δ+ψ
∗(1)
σ + ε
et ln(σ+ε)+(t+1) ln t−ψ
∗(t)+δt−t−t ln(1+|x|)(1 + |x|).
Put Cσ,ε,δ = 3e
Kδ+1+δ+ψ
∗(1) if σ + ε ≥ 1, Cσ,ε,δ =
3eKδ+1+δ+ψ
∗(1)
σ+ε
if σ + ε < 1.
Thus, for all ε > 0 and δ > 0 we have
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤ Cσ,ε,δe
t ln(σ+ε)+(t+1) ln t−ψ∗(t)+δt−t−t ln(1+|x|)(1 + |x|).
From this using (17) and putting Kσ,ε,δ = Cσ,ε,δe
s1 we have
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤ Kσ,ε,δe
t ln(σ+ε)+(t+1) ln t−ψ∗1 (t)+δt−t−t ln(1+|x|)(1 + |x|). (20)
Note that if u is an increasing convex function on [0,∞) such that
lim
x→+∞
u(x)
x
= lim
x→0+
x
u(x)
= +∞,
then the following formula holds
(u(e))∗(x) + (u∗(e))∗(x) = x ln x− x, x > 0. (21)
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This formula is a particular case of a general formula of changes of variables
in Young transformation of convex operators [4]. It is noted in [5].
Using (21) we get from (20)
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
< Kσ,ε,δ(1 + |x|)e
t ln
(σ+ε)eδ
1+|x|
+ln t+(ϕ∗1 [e])
∗(t)
Choose δ = δ(ε) so small that (σ + ε)eδ ≤ σ + 3
2
ε. Then
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
< Kσ,ε,δ(ε)(1 + |x|)e
t ln
σ+32 ε
1+|x|
+ln t+(ϕ∗1[e])
∗(t)
Choose a number Mσ,ε > 0 so that
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
< Mσ,ε(1 + |x|)e
t ln σ+2ε
1+|x|
+(ϕ∗1[e])
∗(t)
From this it follows that
inf
k∈N
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤Mσ,ε(1 + |x|) inf
t≥1
e
t ln σ+2ε
1+|x|
+(ϕ∗1[e])
∗(t)
. (22)
Obviously,
inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≤ ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(1) . (23)
If σ+2ε
1+|x|
> 1, then
inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≥
≥ inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
) + inf
0<t≤1
(ϕ∗1[e])
∗(t)) = (ϕ∗1[e])
∗(0).
Using the inequality (23) we have
inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t))− (ϕ∗1[e])
∗(0) ≥ 0 ≥
≥ inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t))− ln
σ + 2ε
1 + |x|
− (ϕ∗1[e])
∗(1).
Thus,
inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≤
13
≤ inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) + ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(1)− (ϕ∗1[e])
∗(0).
Now it is clear that
inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≤
≤ inf
t>0
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) + ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(1)− (ϕ∗1[e])
∗(0).
If σ+2ε
1+|x|
≤ 1, then
inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≥
≥ inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
) + inf
0<t≤1
(ϕ∗1[e])
∗(t)) = − ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(0).
So using the inequality (23) we get
inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) + ln
σ + 2ε
1 + |x|
− (ϕ∗1[e])
∗(0) ≥ 0 ≥
≥ inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t))− ln
σ + 2ε
1 + |x|
− (ϕ∗1[e])
∗(1).
From this we obtain that
inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≤
≤ inf
0<t≤1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) + 2 ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(1)− (ϕ∗1[e])
∗(0).
Obviously,
inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≤
≤ inf
t>0
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) + (ϕ∗1[e])
∗(1)− (ϕ∗1[e])
∗(0).
Thus, in both cases we have
inf
t≥1
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) ≤
≤ inf
t>0
(t ln
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(t)) + ln+
σ + 2ε
1 + |x|
+ (ϕ∗1[e])
∗(1)− (ϕ∗1[e])
∗(0),
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where ln+ t = ln t, t ≥ 1 ln+ t = 0, t < 1. Going back to (22) we have
inf
k∈N
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤ mσ,ε(1 + |x|)e
inf
t>0
(t ln σ+2ε
1+|x|
+(ϕ∗1[e])
∗(t))+ln+ σ+2ε
1+|x| ,
where mσ,ε = Mσ,εe
(ϕ∗1 [e])
∗(1)−(ϕ∗1 [e])
∗(0). From this putting cσ,ε =
max(mσ,ε, mσ,ε(σ + 2ε)), we get
inf
k∈N
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤ cσ,εe
− sup
t>0
(t ln 1+|x|
σ+2ε
−(ϕ∗1[e])
∗(t))
(1 + |x|) =
= cσ,εe
−(ϕ∗1([e])
∗∗(ln
1+|x|
σ+2ε
)(1 + |x|) = cσ,εe
−ϕ∗1([e])(ln
1+|x|
σ+2ε
)(1 + |x|) =
= cσ,εe
−ϕ∗1(
1+|x|
σ+2ε
)(1 + |x|).
Using Lemma 4 we can find a number µσ,ε > 0 such that
inf
k∈N
k!(σ + ε)ke−ψ
∗(k)
(1 + |x|)k
≤ µσ,εe
−ϕ∗1(
1+|x|
σ+3ε
).
From this, (16) and (18) we have for each positive number ε that
|f (n)(x)| ≤ sε,n(f)µσ,εe
se−ϕ
∗( |x|
σ+3ε
), x ∈ R.
Thus, we got the estimate of the form (15).
Now let f ∈ C∞(R) satisfies the estimate of the form (15). Using (16)
for each ε > 0 n ∈ Z+ we can find a number Rε,n > 0 such that
|f (n)(x)| ≤ Rε,n(f)e
−ϕ∗1(
|x|
σ+ε
), x ∈ R. (24)
Let us show that f ∈ Gσ(ψ
∗). For x 6= 0 and n ∈ Z+ the inequality (24) can
be rewritten as follows:
|f (n)(x)| ≤ Rε,n(f)e
−ϕ∗1[e](ln
|x|
σ+ε
).
Using the inversion formula for Young transformation we have
|f (n)(x)| ≤ Rε,n(f)e
− sup
t>0
(t ln
|x|
σ+ε
−(ϕ∗1 [e])
∗(t))
, x 6= 0.
Using the equality (21) we get
|f (n)(x)| ≤ Rε,ne
− sup
t>0
(t ln
|ex|
σ+ε
−t ln t+ψ∗1 (t))
, x 6= 0.
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Thus, for all ε > 0, k ∈ N
|f (n)(x)xk| ≤ Rε,n(σ + ε)
k
(
k
e
)k
e−ψ
∗
1(k), x 6= 0.
Since kk ≤ ekk! for k ∈ N then
|f (n)(x)xk| ≤ Rε,n(σ + ε)
kk!e−ψ
∗
1 (k), k ∈ N, x 6= 0.
Obviously, this inequality holds at the point x = 0 for all k ∈ N and for all
x ∈ R if k = 0 (in view of (15)). Ising (17) we have for all ε and k ∈ N
|f (n)(x)xk| ≤ Rε,ne
s(σ + ε)kk!e−ψ
∗(k), k ∈ N, x ∈ R.
Thus, f ∈ Gσ(ψ
∗) and Theorem 4 is proved.
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